Abstract. We study spacelike hypersurfaces in anti-De Sitter spacetime that evolve by the Lagrangian angle of their Gauß maps.
Introduction
In Lorentzian manifolds spacelike hypersurfaces of prescribed curvature (mean, scalar, Gauß etc.) are of great interest. To prove existence of such hypersurfaces, many authors use either elliptic or parabolic methods. E.g. in [E] , [E2] , [EH] mean curvature flow and variants of it have been used to generate spacelike hypersurfaces of prescribed mean curvature.
One advantage of the parabolic method is, that one can often prove existence of solutions merely under reasonable geometric assumptions on the initial hypersurface -imposed in terms of algebraic expressions involving the second fundamental form -and e.g. the existence of barriers might not be needed. In this paper we will see that there exists another interesting geometric flow for spacelike hypersurfaces in anti-de Sitter spacetime, where the Gauß maps of the hypersurfaces move by the Lagrangian mean curvature flow. Our aim is to prove the following two theorems: 
F (p, 0) = F 0 (p) , ∀p ∈ M , Date: July 6., 2011 . 2010  where ν(p, t) denotes the future directed timelike unit normal at F (p, t) and φ : M → R is the function
with λ 1 ≤ · · · ≤ λ n denoting the principal curvatures of the immersion. In particular, despite the fact that λ = (λ 1 , . . . , λ n ) : M → R n is merely continuous, the function φ is smooth. Theorem 1.2. Under the same assumptions as in Theorem 1.1 assume in addition n = 2 and that the Gauß curvature K = λ 1 λ 2 of the initial surface satisfies |K| < κ .
(3) Then this condition is preserved during the flow, a smooth solution of (1) exists for all t ∈ [0, ∞) and F converges smoothly and exponentially to a spacelike limit surface with vanishing mean curvature H = λ 1 + λ 2 = 0 and with −κ ≤ K < κ as t → ∞. 
Remark 1.3. We remark that the condition |K| < κ implies that the two components of the associated Gauß map G : M → Gr
The Gauß map of a spacelike surface M ⊂ AdS 3 ⊂ R 2) we will show that φ is the Lagrangian angle of the Gauß map and we will also prove (Lemma 5.3) that the Gauß maps of spacelike surfaces M in AdS 3 moving by (1) will essentially, i.e. up to some tangential deformations, evolve by the Lagrangian mean curvature flow.
The flow defined by (1) has been treated in some Riemannian cases, i.e. when (N, g) is a Riemannian manifold. Andrews [A] studied the deformation of surfaces in S 3 by flows that allow an optimal control of the Gauß curvature and he detected an optimal flow with the same driving term φ as defined in equation (2), where in his case λ 1 , λ 2 are the two principal curvatures of the surface M ⊂ S 3 . In the same paper the following was mentioned without proof: If one considers
as a submanifold of R 4 , then the Gauß maps G : M → Gr(2, 4) of M into the Grassmannian Gr(2, 4) of 2-planes in R 4 will evolve by the mean curvature flow. We remark that a detailed analysis will actually show that this holds only up to tangential deformations of the image in Gr(2, 4) (compare also with Lemma 5.3 and with the computations in the appendix). On the other hand, Castro and Urbano [CU] proved that the Gauß maps G : M → Gr(2, 4) of surfaces M ⊂ S 3 are Lagrangian. Combining the results of Andrews and Castro, Urbano we see that an evolution of surfaces M ⊂ S 3 by the function φ = arctan λ 1 + arctan λ 2 will induce (at least up to tangential deformations) a Lagrangian mean curvature flow of their Gauß maps G : M → Gr(2, 4). In analogy to Lemma 5.2 one can also show that φ is the Lagrangian angle of the Gauß map, i.e. the mean curvature 1-form τ of the Gauß map satisfies τ = dφ.
In another case, if θ = du is an exact 1-form on a flat manifold M and the graph of du considered as a submanifold in the cotangent bundle N := T * M (equipped with the flat metric) evolves by the Lagrangian mean curvature flow, then the potential u evolves by
where λ i are the eigenvalues of the Hessian D 2 u and D denotes the flat connection. In particular, φ = n i=1 arctan λ i is again the Lagrangian angle. For details see [SW] and [S2] . Recently the Lagrangian mean curvature flow has been generalized to the case of Lagrangian submanifolds in cotangent bundles T * M of Riemannian manifolds (M, g) . If the Lagrangian submanifold can be represented as the graph of a closed 1-form θ ∈ Ω 1 (M), then there exists a generalized Lagrangian angle similar to the function φ defined above, where now λ k , k = 1, . . . , n are the eigenvalues of the symmetric tensor Dθ, D denoting the Levi-Civita connection of the metric on M. For details see [SW2] .
The organization of this paper is as follows: In section 2 we will introduce our notation and briefly recall some of the geometry in Lorentzian manifolds of constant sectional curvature. In section 3 we will first study arbitrary variations of spacelike hypersurfaces in Lorentzian manifolds of constant sectional curvature −κ < 0 and we will then characterize the flow defined in (1) as optimal w.r.t. the reaction term in the evolution equation of the driving function (Lemma 3.5). In this section we will also prove the smoothness of φ and Theorem 1.1. Section 4 is completely devoted to the two-dimensional case. We will first prove uniform C 2 -and C 1 -estimates and can then establish the proof of Theorem 1.2. In the appendix we will explain the relation between φ and the Gauß map of spacelike surfaces in AdS 3 and we show that the Gauß maps will evolve under the Lagrangian mean curvature flow, if the spacelike surfaces in AdS 3 evolve by (1).
Geometry of spacelike hypersurfaces in Lorentzian space forms
In this section we recall some basic facts concerning the geometry of time-oriented Lorentzian manifolds (N, g) of signature (n, 1) and of constant sectional curvature −κ < 0. If κ = 1 and N is complete, then (N, g) is called a complete anti-De Sitter structure. Of particular interest in this paper will be the three-dimensional case. By results of Kulkarni, Raymond [KR] and Goldman [G2] we know that closed 3-manifolds with a complete anti-De Sitter structure are necessarily orientable Seifert fibre spaces with nonzero Euler number and with hyperbolic base. In a celebrated paper by Mess [M] (which despite its great influence it had, was unpublished until recently; see also the "Notes on Mess' paper" [ABB + ], published in the same volume), maximal globally hyperbolic Cauchy-compact spacetimes (called "domains of dependence") of constant curvature in 2+1 dimensions were studied. Recall that a globally hyperbolic (Cauchy-compact) spacetime N is a spacetime admitting a (compact) spacelike hypersurface M such that every inextendable timelike curve intersects M exactly once and such that the order relation is given by the existence of isometric embeddings. Mess gave a classification in the flat and anti-De Sitter cases.
The De Sitter case was also studied by Mess but a classification was obtained later by Scannell [S] . In the anti-De Sitter case, domains of dependence are quotients of convex open sets of the anti-De Sitter space, by discrete groups of isometries. Mess exhibited a one-to-one correspondence between anti-De Sitter domains of dependence and pairs of points in the Teichmüller space. This result has been extended to 2 + 1-dimensional anti-De Sitter domains of dependence having only a complete Cauchy surface by Barbot [B] and Benedetti and Bonsante [BB] . Locally, any Lorentz three-manifold with complete anti-De Sitter structure is isometric to the classical model AdS 3 (or likewise to its simply connected universal cover).
Suppose now that F : M → N is a smooth spacelike immersion of an n-dimensional oriented manifold M into a time-oriented spacetime of constant sectional curvature −κ, κ > 0. To describe the geometry of (M, F * g) and (N, g) we will often use local coordinate systems (U, x, Ω) and (V, y, Λ) for M resp. N where we assume here and in the following:
iii) The coordinate systems are always chosen in such a way that F (U) ⊂ V . iv) For the set of coordinates on M we will use Latin indices, i.e. x = (x i ) i=1,...,n . Similarly, we will use Greek indices for the coordinates on N, i.e. y = (y α ) α=1,...,n+1 .
In these local coordinates, geometric quantities on M and N will then often be distinguished simply by use of Latin or Greek indices, e.g. g = g αβ dy α ⊗ dy β and F * g = g ij dx i ⊗ dx j will denote the Lorentzian resp. the induced Riemannian metric tensors on N resp. M. We also define F α (x) := (y α • F )(x) and using the Einstein summation convention we have
where
The second fundamental tensor A is by definition A = ∇dF , where
is the differential of F . The second fundamental tensor h = h ij dx i ⊗dx j w.r.t. the future directed timelike unit normal ν = ν α ∂ ∂y α along F (M) is given by h = −g(A, ν) and can be expressed in local coordinates by Gauß' formula
where Γ k ij and Γ α βγ are the Christoffel symbols of g ij resp. g αβ . The principal curvatures λ 1 , . . . , λ n at a point p ∈ M are the eigenvalues of the Weingarten map
where (g kl ) k,l=1,...,n denotes the inverse of (g kl ) k,l=1,...,n and where indices will be raised and lowered w.r.t. the metric tensors g ij resp. g ij .
Two other important relations are given by the Codazzi equation
and the Gauß' equation which in view of the constancy of the sectional curvatures on (N, g) is
Here R ijkl is the Riemannian curvature tensor w.r.t. the metric g ij on M. Using the rule for interchanging derivatives together with (5) and (6) we compute
We will use (7) in the sequel (the trace is known as Simons' identity).
Variations of spacelike hypersurfaces in Lorentzian space forms
In this section assume that for some T > 0 we are given a smooth family of spacelike immersions
where f (·, t) is a smooth function depending smoothly on the principal curvatures λ 1 , . . . , λ n of the immersed hypersurface M t := F (M, t), and where ν(p, t) is the future directed timelike unit normal at F (p, t).
The evolution equations for the first and second fundamental forms are described in the next Lemma, a proof of which can be found in the literature (c.f.
[G], see also [EH] )
Lemma 3.1 (Evolution equations). The evolution equations of the first and second fundamental form of spacelike hypersurfaces in Lorentzian manifolds of constant sectional curvature −κ evolving by (8) are
For a smooth function f depending on the eigenvalues (λ i ) i=1,...,n of the second fundamental form let us define the tensors
If we insert this into (10) and use (6), (7), then we get
If G is another smooth function that depends smoothly on the principal curvatures, we may consider G as a function of the tensors h ij and g ij , so that for example
and
Likewise
Let us define
Then combining (9) and (10) 
We observe that for G = f the first two lines on the RHS vanish so that we obtain as a corollary:
So far, f is arbitrary. If we want the flow to be parabolic, then we must assume that the tensor f ij is positive definite. Our idea is to choose a function f in such a way that the flow is parabolic and such that the reaction terms on the RHS of (16) simplify as much as reasonable, e.g. so that the term in the brackets is constant.
To make an ansatz, we first consider the case n = 1, so that f merely depends on the (mean) curvature λ = g kl h kl . We then obtain
The flow is parabolic if f ′ > 0. Thus we are looking for a monotone increasing (in λ) function f for which
for some constant c. But κ > 0, f ′ > 0 and κ + λ 2 > 0 imply c > 0 and then
with some arbitrary constants a and c > 0. We will choose c = 1 and a = 0. For general n we now simply sum over all eigenvalues of the Weingarten map and thus define
For each k the function λ k is continuous but in general not smooth. Surprisingly, as the next Lemma shows, the function φ in (17) is smooth. (17) is smooth.
It is well-known that each λ k is continuous but in general not smooth. Hence φ is at least continuous. W.l.o.g. we may assume κ = 1. On R n we consider the following three smooth functions:
where s k are the elementary symmetric functions, e.g.
By induction one can show
so that a and b cannot vanish simultaneously in a point x ∈ R n . Let U a := {x ∈ R n : a(x) = 0} and
n and both U a and U b are open. We obtain two smooth functions
Now at each x ∈ U a we have
and likewise at any
so that α a − α resp. α b − α are constant on each connected component of U a resp. U b . We are now ready to prove the smoothness of φ. Let p ∈ M be arbitrary. At p we must either have a(λ 1 (p), . . . , λ n (p)) = 0 or b(λ 1 (p), . . . , λ n (p)) = 0. W.l.o.g. assume b(λ(p)) = 0 (the other case can be treated similarly). Since the elementary symmetric functions
are smooth (s 0 = 1,s 1 = H, . . . ,s n = K), we know thatã := a • λ and b := b • λ are smooth functions on all of M since they can be expressed in terms of the elementary symmetric functions. Choose a small open neighborhood U ⊂ M around p with b(λ(q)) = 0 for all q ∈ U and such that λ(q) lies in the same connected component of U b for any q ∈ U (the latter works due to the continuity of λ). Then φ = α • λ implies that φ − arctanã b is a constant function on U. Since arctanã b is smooth on U, so must be φ. This proves the claim.
From the construction of φ we get
where σ ij shall denote the inverse of σ ij .
Proof of Theorem 1.1: By Lemma 3.4 the function φ is smooth and since σ ij = ∂φ ∂h ij is positive definite, the flow defined by (1) is parabolic. The statement now follows from the standard theory of parabolic evolution equations on smooth compact manifolds.
Applying (19) and (20) to the general evolution equation (16) in case f = φ we obtain Lemma 3.5. Under the flow given by equation (1) we have
Proof. This follows directly from the construction of φ and likewise from equations (19), (20):
A direct consequence of (23) 
Note that the quantity g ik h jl σ ij is symmetric in k and l. More generally, for any non-negative integer r we define a tensor h is by
Then we have
Lemma 3.7. For all integers r, s ≥ 0 the following symmetry holds:
Proof. We choose an orthonormal basis e 1 , . . . , e n at a point p ∈ M so that h ij becomes diagonal at p, i.e.
Then all tensors h (k) ij become diagonal at p as well, more precisely h
This implies the symmetries.
The two-dimensional case
In the two-dimensional case we are able to prove a longtime existence and convergence result under the assumption that the Gauß curvature K of the spacelike surface is strictly bounded by
Therefore, in this section let us assume n = 2 and let K = λ 1 λ 2 be the Gauß curvature and H = λ 1 + λ 2 the mean curvature.
is the squared norm of the second fundamental form, and from n = 2 we get
An easy computation yields
Moreover we compute
Like in the previous sections, let G denote an arbitrary function depending smoothly on the eigenvalues λ 1 , λ 2 of the Weingarten map. Since λ 1 and λ 2 can be computed from H and K, we may assume that G depends only on H and K. We set
From (27) and (28) we conclude
From the general evolution equation of G given by equation (15) we now derive
We first simplify the last term
Let us also compute the second term:
On the other hand we compute
So far, combining everything we have shown:
by (1). Then the evolution equation of a function G that depends smoothly on the principal curvatures is given by
The next lemma is interesting in its own right since it gives a precise relation between the full norm of ∇h and ∇H on general 2-dimensional Riemannian manifolds.
) is a smooth symmetric Codazzi tensor, i.e. in local coordinates we have
where ∇ denotes the Levi-Civita connection of g. Let H = g ij h ij be the trace and
• h ij := h ij − H/2 g ij be the tracefree part of h ij . Then the following identity holds:
Proof. Let p ∈ M be arbitrary. At p we choose normal coordinates such that h is diagonal at p, say h ij = diag(λ 1 , λ 2 ). This is possible since h ij is symmetric. Then we compute
. (36) Next we compute
Combining (36), (37) and |
(39) In a next step we compute
where we have used that |
• h| 2 is a smooth function and
• h ij is diagonal and tracefree. Then we get
Combining with (39) we get
and equation (35) follows from |∇
ii) In case ∇H = 0 we obtain the optimal Kato identity
iii) Applying (35) to the mean curvature H and the Gauß curvature
4.1. C 2 -estimates. Let us first compute the evolution equation of the Gauß curvature K. We use equation (32) with G = K. In this case we obtain
Then a straightforward computation using Codazzi's equation and equations (21), (41) shows
Inserting this into equation ( 
Lemma 4.5. Suppose n = 2 and that K 2 < κ 2 at t = 0. Then there exists a constant ε > 0 such that the estimates
hold for all t ∈ [0, T ).
Proof. For real numbers x, y with xy < 1 one has arctan x + arctan y = arctan x + y 1 − xy .
If λ 1 , λ 2 denote the two principal curvatures, then κ − K > 0 is equivalent to
and hence we have
Lemma 3.6 implies that there exists a positive constant C < π/2, depending only on sup p∈M |φ(p, 0)|, such that
as long as κ − K ≥ 0. Adding (κ − K) 2 to both sides we get
and therefore
as long as κ − K ≥ 0. This shows that κ − K cannot tend to zero and that inequality (44) holds with ε := κ cos(C). The second inequality (45) follows from the evolution equation of K given by equation (43) and the maximum principle.
So far we have shown that the Gauß curvature K stays uniformly bounded. To prevent the formation of thin "necks" we need to control the full norm |h| of the second fundamental form. But this can be achieved by exploiting the bounds of K and tan( √ κφ) since
and the RHS is bounded.
We summarize:
Lemma 4.6. Suppose n = 2 and that the Gauß curvature satisfies |K| < κ at t = 0. Then the second fundamental form h stays uniformly bounded for all t ∈ [0, T ).
4.2. C 1 -estimates. Once we have uniform C 2 -estimates it is easy to derive uniform C 1 -estimates. Since the induced Riemannian metric g ij evolves according to d dt g ij = 2φh ij and the second fundamental tensor h ij is uniformly bounded, we conclude that there exists a uniform constant
holds for all t ∈ [0, T ). By Lemma 3.6 this can be further estimated and we obtain d dt g ij ≤ Ce −t g ij with another uniform constant C > 0. Thus
In particular, all induced metrics are uniformly equivalent to the initial metric.
4.3. Longtime existence and convergence. Using the key estimates obtained in the previous subsections, we are now able to prove Theorem 1.2.
Proof of Theorem 1.2: Since we have uniform C 2 -estimates we proceed as in [A] (see also [A2] for details) and use a parabolic variant of the classical Morrey and Nirenberg estimates for fully nonlinear elliptic equations in two space variables to obtain uniform C 2,α -estimates in space and C 1,α -estimates in time. Schauder theory then implies uniform C k -estimates in space and time for any k ≥ 1 and hence longtime existence of a smooth solution. Since in local coordinates we have
with some constant C > 0 independent of t 1 , t 2 , where we have used Lemma 3.6 and the fact that all induced Riemannian metrics are uniformly equivalent. Thus for any ǫ > 0 and any p ∈ M there exists some t 1 > 0 such that for all t 2 ≥ t 1 the points F (p, t 2 ) and F (p, t 1 ) lie in the same coordinate chart and the euclidean distance |F (p, t 2 ) − F (p, t 1 )| in this coordinate chart is bounded by ǫ. Since M is compact we obtain uniform and by (46) exponential convergence of M t = F (M, t) to a smooth limiting surface M ∞ ⊂ N as t → ∞. M ∞ is spacelike since all induced Riemannian metrics stay uniformly equivalent. Since by Lemma 4.5 the estimate κ − K > ǫ holds for some ǫ > 0 and all t ≥ 0 we can express φ in the form φ =
Then Lemma 3.6 implies that φ and H tend to zero as t → ∞ and hence the mean curvature H of the limiting surface vanishes. Again by Lemma 4.5 we obtain that the Gauß curvature of the limiting surface M ∞ satisfies −κ ≤ K ≤ κ − ǫ < κ. This proves Theorem 1.2.
Appendix
With the same notations as before let us now assume that , where the inner product on R 4 2 is given by
AdS 3 is a 3-dimensional Lorentzian space form of constant sectional curvature −1 and is a vacuum solution of Einstein's equation with cosmological constant Λ < 0. AdS 3 contains closed timelike curves and hence is not simply connected. The simply connected universal cover of AdS 3 will also be called anti-De Sitter space and we denote it AdS 3 .
Thus an immersion F : M → AdS 3 can also be seen as an immersion of M into R 4 2 . The Gauß map of F is the map 
denotes the usual Minkowski space. To understand the geometry of the Gauß map G it is convenient to use the isometry between Gr Let e 1 , e 2 , e 3 , e 4 denote the standard basis of R 4 . We introduce a set of endomorphisms on R 4 : 
These endomorphisms satisfy
Moreover, if V ∈ R 4 is an arbitrary nonzero vector, then
+ V } forms a positively oriented basis and 
Let ν N denote the future directed timelike unit normal along AdS 3 ⊂ R 4 2 . The orientation of R 4 induces an orientation on AdS 3 in the following way: We say that V 1 , V 2 , V 3 ∈ T q AdS 3 is positively oriented, if V 1 , V 2 , V 3 , ν N represents the positive orientation of R 4 . Now let F : M → AdS 3 be a spacelike immersion of an oriented surface and let ν denote the future directed timelike unit normal of M within AdS 3 . We will assume that the orientation of M is chosen in such a way that for any positively oriented basis {e 1 , e 2 } of T p M the basis {DF (e 1 ), DF (e 2 ), ν} represents the positive orientation of T F (p) AdS 3 .
For such an immersion let us define the six functions
where F * denotes "pull-back" and * is the Hodge-Operator on forms. From equation (48) one immediately gets
and by construction we have G denote the Riemannian metric on M induced by the Gauß map. If D denotes the connection associated to σ, then it is well known that the second fundamental tensor
of the Lagrangian immersion is completely symmetric and that the mean curvature form τ = τ i dx i on M, i.e. its trace τ i = σ jk τ ijk (where (σ jk ) j,k=1,2 denotes the inverse of (σ jk ) j,k=1,2 ), is closed.
The first and second fundamental forms on M induced by F shall be denoted (as before) by g ij dx i ⊗ dx j and h ij dx i ⊗ dx j . If we consider F as a map from M to R 
where ∇ denotes the Levi-Civita connection of g ij .
Proof. Straightforward computations using (48), (49) and (50).
In particular, we observe that σ ij coincides with the tensor defined earlier in equation (18) since in this special situation we have κ = 1. As a corollary we obtain:
Lemma 5.2. The Maslov class of the Gauß map G is trivial and the Lagrangian angle is given by φ = arctan λ 1 + arctan λ 2 , where λ 1 , λ 2 are the principal curvatures of F : M → AdS 3 .
In particular, if we choose for f the Lagrangian angle φ = arctan λ 1 + arctan λ 2 , then -up to the tangential term (dG F • W F )∇ σ f , which is of no interest concerning the geometric evolution -the Gauß maps evolve by the Lagrangian mean curvature flow.
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